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1. The unsolvability of Hilbert's tenth problem was esta-
blished by Matijasevic's theorem: «Enumerable sets are dio-
phantine». The following equivalent form is provable in the
first order version of Peano's arithmetic (PA):

For all E;’-formulas A there are diophantine formulas B with

the same free variables such that PA - A< B.

We show that finitely many axioms are sufficient to prove
this schema. This could be done by a very careful inspection
of the original proof, we will give, however, a short and
simple argument from the «outside».

In 3. we indicate some consequences of the result.

2. Peano’s arithmetic is the theory dealt with in Chapter

]
8 of [2]. We give inductive definitions of 3, -formulas, i.e.

diophantine formulas, and E;’-formulas.

(1) Elf-formulas:
a Sx =y, x+ty=12 Xx.y =12 —J8x =y,
—xX+y =2 —Xx.y = z are diophantine.
b) If A, B are diophantine formulas then A V B, A&B
are diophantine.
c) If A is diophantine then 3 xA is diophantine.

(2) Ecl’-formulas:
a) The formulas of (1)a) and x <y, — x < y are 2.
b) Exactly as in (1)b).
c) If A is a Zo-formula and x = y then IzA, Vx(x<
y—>A) are 23.
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Theorem.

There is a finite set I" of axioms of PA s.t. for all E‘;-formulas

b
A there are 3, -formulas B with the same free variables and
' A<B.

Proof.

Let P, L, R be a pairing function and decoding functions
resp., P:IN — IN N\ 13.
P(O,e) if m = P(O,n)

n ifm =POk) &k ¥+ m
Sub (I, m,n): = { P(i, Sub(L,n, k) if 1 €£i<12 & m = P(i k)
P(Sub(l, n, i), Sub(l, n, k))

ifi>12 & m = P(j k)

We extend PA by definitions of P, L, R, Sub.
Consider the following formulas:

(1) B(P1lv) < SRLv = RRv
(2) B(P2v) «& — SRLv = RRv
(3)

... analoguously for +, ., <
(8)
9) B(P9v) < (B(Lv) V B(RV))

(10) similar for &

(11) B(P11v) < Vn <<RLLvB(Sub(n, RRLv, Rv))

(12) B(P12v) « 3In B(Sub(n, RLv, Rv))

Interpret (1) ... (12) as a definition of B in IN. Hence B is a
recursively enumerable set. By the representatiblity theorem
and Lemma 1 [2, p. 128] there is a ECI'-formula A such that
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Vn B(n) & PA + A(n)
i)
By the theorem of Matijasevi¢ we have a I, -formula B such
that
PA-rA e B

]
Therefore we assume that B in (1) ... (12) is a 3, -formula.
The following is derivable in our extension of PA:

(13) LPxy = x, RPxy = vy
(14) Sub(x, v, POy) = POx
(15) ' Sub(x,y,POv) = POv; vy =# Vv
(16) Sub(x, y, Piv) = PiSub(x,y, v) 1<i<12
(17) Sub(x, y, Pnv) = PSub(x, v, n)
Sub(x, v, V) « n>12
(18) n = Pvw > n>12

Let I'* be the set of the formulas (1) ... (18). We show:
VA E:-formula, Ja term with exactly the same free variables

as in A such that
I'* - Bla)« A
The proof is by induction on the definition of E;’-formulas.

a) A = Sx = y. We put a = PIPPOxPOy.
Now the following holds by I'*:
B(a) « B(P1PPOXPOy) <> SRLPPOxPOy = RRPPOxPOy
1)
© Sx =ye A
(13)
The rest of a) is analoguously.
b) Let a,, a; be terms inductively defined such that
I' - A, © B(a,), B(aj)) & A;. A = A,V A,
We put a = P9Pa,a;. Now the following holds by I'*:
B(a) <> B(P9Pa,a;) <> B(LPa,a;) V B(RPa,a;)
@)
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© B(a,) VB(a) < A, VA & A.
(13)
Similar for &. ;
c) A= Vx (x<y—A,). Let g, be s.t. I'* - B(a,) < A,
and put a = P11PPPOyPOz a, _[z] where z is new.

Now the following holds by I'*:
B(a) « B(P11PPPOyPOza, [z])

<> Vx (x <RLLPPPOyPOza, |[z]
(11) x

— B(Sub(x, RRLPPPOYPOz a, |[z], RPPPOYPOz

3, _[2]))
< Vx(x < y—B(Sub(x, z a, [z])
(13) *
o Vix<y—B@a)eVix<y—=A)eA.
(*)
Similar for 3xA,. We need the following fact:
(*) I'* - Sub(x, z, a, x[z]) = a,

But this is trivial by the construction of the terms and (14)
... (18).

Now we shall give axioms without P, L, R, Sub.
By the representability theorem and the theorem of Mati-

[}
jasevi¢ there are 3;-formulas Dp, Di, Dg, Ds, representing
P, L, R, Sub in PA.
We apply the operation * of [2, p. 59] to formulas of our ex-
tended language and get formulas without P, L, R, Sub.
Let I" be the set of the following formulas:
(1)* ... (18)* and in addition the existence and uniqueness con-
ditions for P, L, R, Sub. I'" is finite.
Let I'" be the extension of I' by definitions of P, L, R, Sub. By
[2, p. 59] the following holds:

(@ I'- A A*
) Aell) =2IT"r A=TrA)
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Hence
I+ (1) ... (18) and therefore

VA Zo-formula Ja term with exactly the same free variables

as in A such that
I"' - (B(a) @A

and . Ba)* oA

&
But (B(a))* is 3. This concludes the proof.
3. Now we indicate some consequences of the result in 2.

Let N be the set of axioms given in [2, p. 22]. We call a
structure A for the language of PA diophantine if = N +
Matijasevic's theorem.

Corollary.

The class of diophantine structures is elementary.

Theorem.

Let /4 be a non-standard model of PA. For all finite sub-
sets NCT'S PAN II3 which imply the theorem of Mati-

jasevic¢ there is a diophantine substructure .L € 1 such that
(1) L =T and (2) .L is not cofinal in J.

Proof.

Let A be the conjuction of I'. By contraciton of quantifiers
we have:

b
A = Vx3dyVz B(x v1z); Be 3,
Let C be the following formula:

Vz B(x,v,2) & Vyi <y — B(x, vy, 2)
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& Vy—= Vz Bx,v,z)—>y = 0)
and D(z, x, v):
(z)o = x & Seq(z) & Vi <1h(z) C((2); (2)i+1) & ¥ = (@ne-

We have to show that the iteration of the function defined
by C is simultaneously bounded in A.
Suppose not. Hence

Jdae |Jd| Vbe |d] Ice ||

Mc=b
A
(2) 3ne IN A &= D(n, a, c)

Let o be a non-standard number of 4. The following holds:
AE IxVy3Jz2y In <aDnx 2)

By the least number principle:

dnelNJE 3xVy Jz2y In<nDn x 2

This is a contradiction.

Corolloray.

PA is not finitely axiomatizable.

Universitdt Hannover Hans Georg Carstens
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